Abstract. In this paper we consider integers in base 10 like abc, where a, b, c are digits of the integer, such that abc 2 − (abc · cba) = ±n 2 , where n is a positive integer, as well as equations abc 2 −(abc·cba) = ±n 3 , and abc 3 −(abc·cba) = ±n
Introduction
The following are some examples of the Diophantine equation There is a similar Diophantine equation to (1.1) and (1.2), namely
Examples of (1. • Note that all three-digit numbers are multiples of 11: abc 2 − abc · cba = 99abc(a − c) = ±n 2 must be multiple of 11 2 , so abc must be multiple of 11.
• Note the solutions 528 and 528528. It is an instance of general rule: If n-digit number a is a solution of (1.1), then so is aa...a, k times concatenation of a. It is simply proved, if consider that aa...a = ((10 nk −1)/(10 n −1)). Considering that "n-digit number" may be interpreted widely -as have leading zeros, then we have as solutions also a0a0...a, a00a00...a, etc.
We therefore have an infinite number of solutions of (1.1).
2.1.2. Equation ( • Note the solutions 999000. It is part of a family of solutions 999000, 999999000000, ..., or 10 3k (10 3k − 1). Therefore, there is an infinite number of solutions of (1.2). And this works for any base. For instance, in ternary system, equivalent solutions are 222000, 222222000000, ..., or, in base b, b 3k (b 3k − 1). 101 b3 10 3 − 10 · 10 = 30
We can see that almost all solutions are symmetric numbers. We discussed this for the base 10. We here also see a family of symmetric solutions 10 2k + 1, where 10 is a base -3 and 4 in decimal. This solution works in any base. Therefore, there is an infinite number of symmetric solutions of (1.3) in any base.
2.3. Asymptotic density of solutions. We'll briefly discuss the density of the solutions for equations (1.1 -1.3) .
The first estimate of the density of the solutions for equation (1.1) is to assume that abc 2 − abc · cba is a (quasi)random number. The probability that the random number of the order n 2 is a perfect square is about
. Then the number of solutions under n is approximately 1 2 log(n). In fact, we have the number of solutions under 10 5 : 9; under 10 6 : 54; under 10 7 : 96; under 10 8 : 176; It may be approximately logarithmic dependence, but a few times more than predicted.
Similar estimate for the density of the solutions for equation (1.2) gives for the density of solutions These estimates are considerably lower than computational results. This should mean that the numbers of type abc 2 − abc · cba and abc 3 − abc · cba are not entirely random.
As we discussed above, all three equations have special solutions, which makes the number of solutions infinite. For proper estimate of the density of solutions, we should take into account these special solutions. However, it is quite likely that we didn't find all special solutions.
As for the density of the solutions for equation (1.3), they are certainly not random -almost all solutions are symmetric numbers. Among all 10 2k 2k-digit numbers, 10 k are symmetric numbers, and among all 10 2k+1 (2k+1)-digit numbers, 10 k+1 are symmetric numbers.
There are no non-symmetric solutions among those we found. Possibly our estimate of the density of solutions, not counting symmetric ones, is correct in this case.
